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Week 8-9: Community Analysis Study Notes

1 Core Objective and Logical Evolution

The central goal of this chapter is: given a social network graph G = (V| E), discover communities from the network
structure. A community should have dense internal links and sparse external links. The chapter follows three major
questions:

Community Analysis = Detection + Evolution + Evaluation.
That is, we first ask how to find communities, then how communities evolve over time, and finally how to evaluate
whether the detected communities are good.

Social network G = (V, E)
4

Implicit community discovery

¢

Static detection: member-based and group-based methods

4

Dynamic detection: evolutionary clustering

I

Evaluation: with or without ground truth

2 Basic Concepts of Social Media Communities

2.1 Definition [Important]

A basic social media community exists when like-minded users form links and interact with each other. Any commu-
nity formation requires:

community = {at least two nodes} + {interactions with respect to a shared interest}.

Thus, a community is not merely a set of users; it is a set of users connected by interest-driven interaction.

There are two major types of groups:

Type Definition Membership known?

Explicit group Formed by user subscriptions Yes
Implicit group Formed implicitly by interactions No, must be mined

Examples of explicit groups include Facebook groups and Twitter lists. Examples of implicit groups include users
who watch similar movies or users who make similar international phone calls. In different contexts, a community
may also be called a group, cluster, cohesive subgroup, or module.

3 Why Detect Implicit Communities?

3.1 Recommendation [Important]

Individuals often form implicit groups based on interests. Detecting such groups is similar to detecting users with
similar interests:
similar interaction pattern = similar interest = recommendation.

For example, movie rental sites may detect users watching similar movies and use the resulting implicit communities
for recommendation.

3.2 Fraud and Anomaly Detection [Important]

A group provides a clearer global view of user interactions, whereas local individual behavior is often noisy and ad
hoc. For example, fake review workers may control multiple accounts. These malicious accounts may link to each
other and also connect to honest users to mimic normal behavior. When assigned a task, they may post fake reviews
within a short time. By constructing a co-activity graph, community detection can reveal such fraudster groups.



3.3 Group-Level Behavior [Medium]
Some behaviors are only observable at the group level, not at the individual level. Individual behavior may fluctuate,
but collective group behavior is often more robust.
3.4 Visualization and Privacy [Medium)]
An implicit community can summarize a set of nodes in the whole network:
G=(V,E) — {C,Cs,...,Ck}.

Instead of releasing individual-level data, one may release only community-level properties, reducing privacy risks.

4 Overall Structure of Community Analysis

¢ Community Analysis

o Community Detection: member-based methods, including similarity-based, degree/clique-based, and reachability-
based methods; group-based methods, including minimum cut, ratio cut / normalized cut, spectral clustering, and
hierarchical clustering.

o Community Evolution: dynamic network patterns and evolutionary clustering.

o Community Evaluation: evaluation with ground truth and evaluation without ground truth.

5 Community Detection

5.1 Definition [Important]

Community detection is the process of finding clusters of nodes with strong internal connections and weak connections
between different clusters:

strong internal connections + weak external connections.
An ideal decomposition separates a large graph into completely disjoint communities with no interaction between

communities. In practice, the task is to find a partition into communities that are maximally decoupled.

6 Member-Based Community Detection

Member-based community detection focuses on properties of nodes and usually assumes that nodes with similar
characteristics belong to the same community.

Criterion  Assumption Representative methods
Degree Nodes with similar degree form communities Clique

Reachability Nearby nodes form communities k-clique, k-club, k-clan
Similarity Similar nodes form communities Jaccard, cosine, k-means

6.1 Similarity-Based Community Detection [Important]

The intuition is:
similar nodes = same community.

Vertex similarity can be defined using either neighborhood similarity or node-attribute similarity. Then k-means or
other similarity-based clustering methods can be applied.

6.1.1 Jaccard Similarity
N(v;) N N(v;)|
s 13) < RGO N

Here, v;, v; are two nodes; N(v;) is the neighbor set of v;; N (v;)NN (v;) is the common-neighbor set; and N (v;)UN (v;)
is the union of their neighbors. The larger the fraction of shared neighbors, the more similar the two nodes are.



6.1.2 Cosine Similarity
_[N(w) N N(v;)]

Feosne(Vio V) = RS TIN (o)

If each node is represented by a neighbor indicator vector

)1, s€ N(w),
xils] = {o, s ¢ N(v),

then .
Tx; N (v;) N N (v,
COS(’Ui,’Uj) _ X XJ — | (’U ) (UJ)|

~xillalixslls /TN () [TN (03)]

_ e
Jaccard(4,6) = 1{1,3,4,5,6,7,8} 7’

For the slide example:

1
COSin€(4, 6) = ﬁ 4
6.2 Degree-Based Method: Clique [Important]

A clique is a complete subgraph in which every pair of nodes is adjacent. A clique of size k contains k£ nodes, and
each node has internal degree at least k£ — 1:

size-k clique = Vv € C, deo(v) =k —1.
Large cliques are naturally communities because their internal density is maximal:
internal density = 1.

However, clique-based detection has serious limitations: it is too strict, unstable to the removal of one edge, and
computationally expensive for large cliques.
6.3 Finding a Clique of Size k [Medium]
If we want to find a clique of size k, every node in it must have degree at least k¥ — 1. Therefore:

d(v) < k — 1 = v cannot belong to a size-k clique.
A pruning procedure is:

Input: graph G, target clique size k.
Repeat: remove all nodes with degree < k — 1.
Stop when a clique of size k is found or all nodes are removed.

This is useful because many nodes can be pruned in social networks, whose degree distributions often follow a power
law.

6.4 Clique Percolation Method, CPM [Important]

The definition of a clique is too strict and unstable. CPM uses small cliques as cores or seeds and merges highly
overlapping cliques into larger communities. It can detect overlapping communities.

Input:
kE, G=(V,E).

Algorithm:

1. Find all cliques of size k.
2. Construct a clique graph.
3. Two k-cliques are adjacent if they share &k — 1 nodes.
4. Connected components in the clique graph form communities.
Formally, two cliques C,, C, are adjacent if
|C’aﬂC'b[:k—1.
The resulting community is
c= |J o
C; Ecomponent



The intuition is that if two k-cliques share k — 1 nodes, they differ by only one node and should belong to the same
community.

Method Advahtage Limitation
Clique Very strong community definition Too strict, fragile, expensive
CPM Allows overlap and is more stable Sensitive to k and still needs clique search

6.5 Reachability-Based Method: k-Clique [Important]

A k-clique is not the same as a clique of size k. A k-clique is a maximal subgraph in which the largest geodesic
distance between any two nodes is at most k:

d <k
ﬁgjd%w,

Here, dg(u,v) is the shortest-path distance in the original graph G, and maximal means that no more nodes can be
added while preserving the property.

Concept Definition Key condition

Clique of size & A complete subgraph with & nodes Every pair is directly connected

k-Clique A maximal subgraph with diameter < k Every pair is reachable within & hops
Therefore,

clique of size k # k-clique.

7 Group-Based Community Detection

Group-based methods use global network topology rather than only local node properties. The lecture discusses three
goals:

Desired community property Method

Balanced Spectral clustering
Modular Modularity maximization
Hierarchical Hierarchical clustering

The main methodological evolution is:

Community detection as cut = Minimum cut = Ratio/Normalized cut = Spectral clustering.

8 From Minimum Cut to Ratio Cut and Normalized Cut

8.1 Community Detection as a Cut Problem [Important]

If most interactions are within communities and only a few interactions occur between communities, then community
detection can be formulated as a cut problem. A cut partitions the vertex set into two disjoint sets:

V=PUP, PnP=o.

The cut size is _ ~
cut(P,P) = |{(u,v) € E:ue P, ve P}

A good community cut should break few links:

cut(P, P) small.

8.2 Failure of Minimum Cut [Important]

Minimum cut solves _
mgn cut(P, P).

However, it often returns imbalanced partitions, such as a singleton community. For example, if a low-degree node v
is connected to the graph by only one edge, then

cut({v},V\ {v})=1.

This cut may be minimal, but it does not represent a meaningful community. The failure occurs because minimum
cut only penalizes broken edges and ignores community size.



9 Ratio Cut [Important]

9.1 Two-Community Case

For a cut that divides the graph into P; and P;, the ratio cut score is

1 fewt(P, B;) | cut(P, P;)
rotr) =5 (i B )

Here, P; is one community, P; = V \ P;, cut(P;, B;) is the number of edges crossing the cut, and |P;| is the number
of nodes in P;.

A small ratio cut means both a small cut size and more balanced community sizes. If a singleton is cut out, then
|P;| = 1, so the denominator cannot dilute the cut cost.

9.2 K-Community Case

If the graph is divided into

then

10 Normalized Cut [Important)]

Ratio cut normalizes by the number of nodes, whereas normalized cut normalizes by the total degree of a community.

10.1 Two-Community Case

NC(P) = % <Cut(P¢,?‘) " cut(PiiPi)) ’

vol(P; vol(F;)

where

vol(P) = > d(v).

vEPR;

Here, d(v) is the degree of node v, and vol(F;) is the total degree of community P;.

10.2 K-Community Case

K —
1 cut Pi,Pi
NC(P,,...,Px) S %

K & 1(P;)
Method Denominator Balance criterion
Ratio Cut |P;] Balanced number of nodes
Normalized Cut vol(P;) Balanced total degree

Normalized cut is often more appropriate for social networks with heavy-tailed or power-law degree distributions.

11 From Cut Objectives to Spectral Clustering [Most Important]

Enumeérating all possible cuts is impractical because the number of possible partitions grows exponentially with the
number of nodes. Spectral clustering reformulates ratio cut or normalized cut as a matrix optimization problem.

11.1 Membership Matrix
Assume there are n nodes and K communities. Define
X = [Xla v axK] € {O’ 1}n><K’

where
X {1, node % belongs to community j,
ij =

0, otherwise.



The vector x; is the indicator vector of community j. For example, if nodes 1,2, 3,4 are in community 1 and nodes
5,6,7,8,9 are in community 2, then
x; =[1,1,1,1,0,0,0,0,0] T,

x2 = [0,0,0,0,1,1,1,1,1] .

11.2 Adjacency Matrix and Degree Matrix

The adjacency matrix is

The degree matrix is

where

11.3 x;-'—Axi: Twice the Number of Internal Edges
e s et

x; Ax; = Z XNsiAst Xt

s,t

The term contributes only when both s and t are in community i. In an undirected graph, each internal edge is
counted twice, once as Ag; and once as As;s. Thus =
’ 3 oA
4L 24 Al
N,

WA . degroet /2

x; Ax; = 2 x #{edges inside P;}.

11.4 x] Dx;: Total Degree Inside the Community

x; Dx; = ZX@DSS = z ds = vol(P;).
s seP;

11.5 Graph Laplacian

The graph Laplacian is
L=D-—A.

Then
x; Lx; = x; (D — A)x; = x; Dx; — x; Ax;.

This equals the cut size:

X;FLXi = cut(Pi, Pz)

The intuition is:
total degree of nodes in P; = 2 X internal edges + external cut edges.

M N N~
Since x| Ax; counts twice the internal edges, subtracting it from the total degree leaves only the external cut edges.

11.6 Matrix Form of Ratio Cut

Because
‘PZ| = XzTXia
we have
RO — 1 XK: cut(P;, P;) 1 ix;eri

o K i1 |Pz‘ o K =1 X;rXi )
Define the normalized indicator vector: <
Then

X[ Ro=1, % %=0, i#]

because disjoint communities do not share nodes. Therefore,

XTX =1



The ratio cut objective becomes

Thus the optimization problem is

11.7 Why Eigenvectors? [Most Important]

If the discrete constraint X € {0,1}**¥ is relaxed and X is allowed to be continuous, then the Rayleigh-Ritz theorem
implies that the optimal solution is given by the eigenvectors of L corresponding to the smallest K eigenvalues.

Hence spectral clustering proceeds as:

Construct A and D.

Compute L = D — A.
Take eigenvectors of L with thelsmallest eigenvalues.
Use these eigenvectors as node lembeddings. ' ,

Run k-means on the embeddings.

Ol 0o =

The first eigenvector usually corresponds to all nodes belonging to the same cluster and is therefore not useful for
splitting. For two-way clustering, the second smallest eigenvector, called the Fiedler vector, is often crucial.

12 Hierarchical Clustering
Real communities may have hierarchical structure:
University — Colleges — Departments.

Hierarchical clustering allows network analysis at different resolutions.

Method Direction Idea

Divisive hierarchical clustering Top-down  Repeatedly split communities
Agglomerative hierarchical clustering Bottom-up Repeatedly merge communities

12.1 Divisive Hierarchical Clustering [Important]

Divisive clustering starts from the whole graph and repeatedly removes weak or bridge-like links:

Start with the whole graph.

Find the weakest or most bridge-like edge.

Remove the edge.

Recompute edge strengths.

Repeat until the desired number of connected components is obtained.

Each connected component becomes a community.

12.2 Edge Betweenness [Important]

Edge betweenness measures the percentage of shortest paths that pass through an edge:

EB(e) :éaj () )

Here, e is an edge; o, is the number of shortest paths from node s to node t; and o4 (e) is the number of those
shortest paths that pass through edge e. -

An edge with high betweenness tends to be a bridge between communities:
high edge betweenness = bridge edge = remove = community separation.

This is the intuition behind the Girvan—Newman style divisive clustering method.



12.3 Agglomerative Hierarchical Clustering [Medium]

Agglomerative clustering works in the opposite direction:

Initialize each node as a community.
Merge communities successively according to a criterion.
Stop when the desired number of communities is reached.

The merging criterion may be modularity increase or vertex similarity.

13 Community Evolution

Static community detection studies a network at one time point. Real networks are dynamic:
G1,Ga,...,Gt.

The main questions are: how does a network change over time, how does a community change over time, what
properties remain stable, and what properties change?
13.1 Dynamic Network Patterns
18.1.1 Pattern 1: Decreasing Connection Probability with Distance [Important]
The probability of a new connection decreases as gw

P({u,v) forms a new edge) | as d(u,v)T.

Two users with shorter distance are more likely to know each other or share similar interests.

18.1.2 Pattern 2: Triadic Closure [Important]
Many new connections occur as triadic closures:
A-B, B-C=A-C.
This reflects the principle “a friend of my friend is my friend” and leads to a high clustering coefficient.
18.1.8 Pattern 3: Graph Densification [Important]

\_____—
The density of a graph increases as the network grows:

\El

density(G) = S edues
ensity(G) Hpossible edges

For an undirected simple graph,

#possible edges = %1—)

The densification law is
E(t) o« V (1), 1<a<2.

Here, E(t) and V(t) are the numbers of edges and nodes at time f. If & = 1, edge growth is linear and the average
degree is approximately constant. If o = 2, growth is quadratic and the graph approaches a clique. Real networks
often satisfy 1 < a < 2, meaning that the number of edges grows faster than the number of nodes.

13.1.4 Pattern 4: Diameter Shrinking [Important]

Network diameter often shrinks over time:
— diameter(Gy) | .

This means that the small-world phenomenon becomes more obvious as the network grows. The reason is densification:
edges grow faster than nodes, creating shortcuts that reduce long paths.
13.2 Community Evolution Types [Medium)]
Communities may expand, shrink, or dissolve:
expand, shrink, dissolve.

They may also merge or split, although the slides mainly emphasize expansion, shrinkage, and dissolution.



14 Community Detection in Evolving Networks

14.1 Snapshot-Based Extension [Important]

A direct extension of static methods is:
1. Take snapshots G1,Go,...,G;.

2. Run a static community detection algorithm independently on each G;.
3. Assign community memberships across time, Tor example by voting.

The problem is instability:

highly dynamic network = frequently changing memberships = unstable communities.

14.2 Evolutionary Clustering [Important]

Evolutionary clustering assumes that communities change smoothly over time. The objective considers two costs:

Snapshot Cost (SC) and Temporal Cost (T'C). Wép o Tr ()(JL Y ¢ ] + (/\0/}‘(

A general objective is
Costy = aSCy + (1 — a)TCy, a € 0,1].

Here, SC; measures how well the clustering fits the current snapshot G;, while T'C; measures temporal consistency
with previous communities. If o is large, the model emphasizes the current graph; if « is small, it emphasizes temporal
smoothness.

Thus:

good evolving communities = fit current graph 4 remain stable over time.

TC= Wt~ Xe-i ||y

15 Community Evaluation

Community evaluation can be conducted with or without ground truth:

Setting Methods

With ground truth Precision, recall, F-measure, purity
Without ground truth Domain experts, user studies, modularity, internal/external links

16 Evaluation with Ground Truth

When ground truth is available, we know the correct community assignments. Explicit communities can be used as
ground truth. The evaluation compares:

predicted communities vs. ground-truth communities.

16.1 Pairwise TP/TN/FP/FN [Most Important]

Community evaluation defines TP, TN, FP, and FN over pairs of nodes.

Type Ground truth Prediction Meaning
TP similar / same class same community correct
TN dissimilar / different class different communities correct
FP dissimilar / different class same community wrong
FN similar / same class different communities wrong

For any node pair (u,v), let
Yuv = 1
mean that v and v are in the same ground-truth class, and let
guv =1
mean that the algorithm assigns » and v to the same community. Then
TP = |{(u,v) P Yuv = 1aguv - 1}|a
TN = |{(U, ) CYuw = O,qu = O}'a
FP = |{(u,v) fYuo = 0, oo = 1}'7
FN = |{(u ) CYuw = 1, Gy = O}l

v

U



16.2 Precision [Important]

TP
Precision = P = —————.
recision TP+ FP

Precision measures how many node pairs assigned to the same community @re truly similar:

high precision = pure communities.

However, if every node-is placed into ammunity, FP becomes small, but recall becomes poor. Therefore,

precision alone is insufficient. _—

16.3 Recall [Important]

TP
ll=R=—"——.
Reca R TPTFN

Recall measures how many truly ’Sl_nllla/ru.ad@-te successfully placed into the same community:

high recall = few ups are split apart.

However, if all nodes are placed into one community, FN becomes zero and recall becomes high, but precision becomes

poor. Therefore, recall alone is insufficient.

16.4 F-Measure [Important]
The F-measure combines precision and recall using the harmonic mean:

F—QP'R

-~ "P+R’
The harmonic mean penalizes imbalance. If one of P or R is low, F remains low. For example, if
P =0.428, R =0.428,
then

1, 0.428 x 0.428

F= 0.428 + 0.428

= 0.428.

16.5 Purity [Important]

Purity assumes that the majority label in a detected community represents that community. If the algorithm detects

K communities
(P, Ps,...,Px),
then K
21 Max; [P N Gy
N .

Here, P; is the i-th detected community, C; is the j-th ground-truth class, |P; N Cj| is the number of nodes in P;
with ground-truth label C;, and N is the total number of nodes.

Purity =

The intuition is:

total number of majority-label instances in all detected communities

Purity =
urey total number of nodes

For example:
6+5

Purity = —— = 0.78,
urity 14
and 444
Purity = —— =0.57.
urity 12 0

Purity can be easily manipulated. If every node f@ a singleton community, then every community has purity 1, so

Purity = 1.

This is clearly not a meaningful clustering. Therefore, purity should not be used alone.

10



17 Ewvaluation without Ground Truth

Without ground truth, possible evaluation methods include domain experts, user studies, comparing several algo-
rithms, measuring modularity, and comparing the number of within-community links with the number of between-

community links. The core principle remains:

many internal links and few external links.

18 Methodological Evolution Summary

Stage Method What it solves Limitation
1 Explicit group Membership is directly known  Only works for subscription-
based groups
2 Similarity-based detec- Finds implicit groups Local; may ignore global topol-
tion node or neighborhood similar- ogy

ity

3 Clique Finds extremely dense sub- Too strict, unstable, expensive
graphs

4 CPM Merges clique seeds and sup- Sensitive to k, still requires
ports overlap clique search

5 k-Clique Relaxes direct adjacency into May include loosely connected
short-path reachability nodes

6 Minimum cut Uses global structure and cuts Tends to produce singleton or
inter-community edges tiny communities

7 Ratio/Normalized cut ~ Considers both cut size and bal- Discrete optimization is hard
ance

8 Spectral clustering Converts cut optimization into Requires K, depends on k-
eigenvector problem means

9 Hierarchical clustering Captures multi-resolution com- Sensitive to stopping rule and
munity structure computational cost

10 Evolutionary clustering Handles dynamic networks with Requires balancing snapshot

temporal smoothness

and temporal costs

19 Final Exam Priority

Highest Priority

L e
w N o= O

© L N e o W D

Community definition: strong internal connections and weak external connections.

Explicit communities versus implicit communities.
Member-based versus group-based detection.

Jaccard similarity and cosine similarity formulas.

Clique versus k-clique.

CPM algorithm and overlapping community detection.
Why minimum cut fails.

Ratio cut and normalized cut formulas and intuition.
Laplacian L = D — A and the identity x " Lx = cut(P, P).

Spectral clustering optimization and eigenvector solution.

. Edge betweenness and divisive clustering.
. Dynamic patterns: triadic closure, densification, shrinking diameter.

. Precision, recall, F-measure, purity, and their limitations.

Medium Priority

1.
2.

Zachary karate club example.

Scientists’ collaboration network example.

11



3. Real-world examples of hierarchical communities.
4. Trade-off between SC and T'C in evolutionary clustering.

5. Evaluation without ground truth.

Lower Priority

1. Facebook group and Twitter list screenshots.
2. Specific numerical edge-betweenness values in examples.

3. Detailed clique lists in each practice example, unless computational exercises are emphasized.

12



Week 10 Review Notes: Label Propagation and Node Embeddings

1 Week 10: From Label Propagation to Node Embeddings
1.1 Overall Theme

The central objective of this week is to understand how graph structure can be used to infer node-level information
or to learn reusable node representations. Given a graph

G=(V.B), _

we want to exploit structural notions such as neighborhood, similarity, and co-occurrence to either predict missing
node labels or learn low-dimensional embeddings for downstream tasks.

There are two main methodological lines:
partial node labels + graph structure = labels of unlabeled nodes,

which corresponds to transductive / semi-supervised node classification, represented by Label Propagation;
and
graph structure = node embeddings = downstream tasks,

which corresponds to unsupervised / self-supervised graph representation learning, represented by random-
walk-based node embeddings such as DeepWalk and node2vec.

1.2 Transductive Node Classification
1.2.1 Problem Definition [Importance: xxxxx]

Let
G=(V,E)

be a graph, where
V={1,2,...,n}

is the node set, and n = |V| is the number of nodes. The edge set is
ECV xV.

For an undirected graph, if (u,v) € E, then (v,u) € E.

The adjacency matrix is
A c Ran

where

4 1, if (u,v) € E,
e 0, otherwise.

For a weighted graph, A,, may represent the edge weight between nodes u and v.
The node-label vector is

Y = {07 1}n,
where
Y, =1
means node v belongs to class 1, and
Y, =0

means node v belongs to class 0. In semi-supervised node classification, only part of the node labels are known. We

d he nod
ecompose the node set as VvV, UV, (al,@(eol (AN k’w Wh
—— e

where V, is the set of labeled nodes and V4, is the set of unlabeled nodes. The goal is

predict Y,,, Vv € V.



1.2.2 Core Assumption: Correlation in Networks [Importance: x % *]

Node classification is possible because node behaviors or labels are often correlated across network links:
nearby nodes tend to have similar labels.

There are two major explanations.

Homophily. Homophily means that similar nodes are more likely to connect:
-\-\-—

similarity in individual characteristics = social connection.

This is often summarized as “birds of a feather flock together.” For example, researchers working in the same research
area are more likely to collaborate or interact.

/‘/

Influence. - Influence means that connected nodes may become similar because they affect each other:

social connection = similarity in individual characteristics.

For example, a person may recommend music to friends, and those friends may gradually develop similar musical
preferences.

The distinction is important:
homophily: similar first, then connected;

influence: connected first, then similar.

Both mechanisms lead to the same observable phenomenon:

connected nodes often have correlated labels.

1.3 Method A: Label Propagation
1.3.1 Motivation [Importance: % x|

If neighboring nodes tend to have similar labels, then the label of an unknown node can be inferred from its neighbors.
The core idea is:

o
the class probability of a node ﬁa weighted average of the class probabilities of its rm

Let
POV, =¢)

denote the probability that node v belongs to class c at iteration {. In the binary case, the slides often write
—_—T T ————

namely the probability that node v belongs to class 1.

1.3.2 Initialization [Importance: x x|

For labeled nodes v € Vi, initialize and fix their probabilities using the ground-truth label:
/v\_-—/_‘.

e POy, =1) =Y},

where Y denotes the true label. Thus,
Yri=1=POY,=1)=1,

and
V) =0= POy, =1)=0.

For unlabeled nodes v € Vi, initialize with uncertainty:

POy, =1)=025.



ight
1.3.3 Iterative Uzdate Rule [Importance: xxxxx] edge We‘ﬁ

For each‘ nlabeledl ode v € Vi, update its class probability by #veraging over neighbors:

-1y —
PO(Y, =c¢) = 2ouen(w) Avul - (¥ k{c). g &
> ZuEN(v) vY /:%% /éﬁ“"ftﬁﬁlé Té NI TNN
Here, 2[e-
_ Nwy={ueV:(u,v)€E}
is the neighbbr set of node v, Ay, is the edge wei v and u, P(Y, = ¢) is the updated probability at

For‘ an unweighted graph, this reduces to

Oy — )= — -1y, =¢).
PRy =) lNhMug%»P Fu=c)

The intuition is simple: a node feceives votes from its neighbors, Jand the probability is the average vote.

1.3.4 Synchronous Update [Importance: x % +x]

The update uses previous-iteration scores:

PO(Y,) « average of P~V (Y,,). *aiwﬁ%ﬁra\ - '&

This is a synchronous update. If the algorithm instead used values already upd i ien, the result
would depend on the order in which nodes are updated. Synchronous updating gives a clearer and more reproducible
algorithm.

1.3.5 Ezxzample Computations [ITmportance: % x|
For node 3,

N@3)={1,2,4}.

At initialization,
P(Y1) =0, P(Y2)=0, P(Yy)=05.

Therefore, after the first iteration,

_0+0+0.5

PM(v3) =0.1667 ~ 0.17.

For node 4,
N(4)={1,3,5,6}.
Using previous-iteration values,
P(Y1)=0, P(Y3)=0.5 P({s) =05 P =1
Thus,
~0+05+05+1

PO (vy) i =0.5.

For node 5,
N(5) = {4,6,7,8}.

Using previous-iteration values,
P(Yy) =05, P{Ys)=1, P(Y7)=1, P(Ys) =0.5.

Thus,
~05+1+1+0.5

i
After about four iterations in the slide example, the probabilities stabilize approximately as

P(Yy) =051, P(Ys)=~0386, P(Ys)=~0.95 P(Yy)=1, P(Ys)=0.17.
Using threshold 0.5,

PO(v5) = 0.75.

P(Y,) > 0.5 = class 1,
P(Y,) < 0.5 = class 0.

Therefore,
5,8,9 € class 1,

and
3 € class 0.



1.8.6 Convergence Criterion [Importance: %% x] E%ﬁ\'\’gj E "‘—% (4

The stopping condition is =
o) G B

Here, t is the iteration number, P(®)(Y,) is the probability after iteration ¢, P2 (V,) is the previous probability,
and e is the convergence threshold. The intuition is that once Ell node]probabilities@)st stop @ further
propagation no longer adds meaningful information.

c] 2
1.3.7 Limitations of Label Propagation [Importance: %% xxx] LW\&S{ f’a . {@\m% nod? 15 a’ -f\/
Label Propagation is simple and intuitive, but it has several limitations. First, convergence may be slow and is not
always guaranteed. Second, it only uses graph structure and ignores node attributes f,, where f, is the feature

vector of node v. Third, it is task-specific: it directly solv% (% rrent label prediction problém rather than learning
Q 22 a reusable representation. Fourth, it relies heavily on h h . If the graph is heterophilous, meaning adjacent

- nodes tend tohave diffexent labels, label propagation may fail. -[:
@\aa,& 7 &) task-specific

1.4 Methodological Evolutlg\ :’ hy Node Embeddings? o
hOYV\O hl ’ %
Label Propagation follows the principle @ P

% to

labels propagate over edges.

Its weakness is that it is tied to one label-prediction task and mainly exploits local neighborhood information. Node
embedding changes the objective: -

do not directly propagate labels;\ﬁrst learn node representations/

The goal is to learn a mapping

fiu— R
or equivalently
f(u) = 2u
where u € V, z, € R? is the embedding vector of node u, and d is the embedding dimension, usually much smaller

than n.
This gives the pipeline

graph structure = node vectors = classification, link prediction, clustering, anomaly detection, etc.
Thus, node embedding is a form of ftask-independent|representation learning.
1.5 Graph Representation Learning and Node Embedding

1.5.1 Task Definition [Importance: x %% %]

The objective is to map each node to a low-dimensional vector:
f: V- RY.
For node u,
f(u) = Zu;

where z, € R%. The core requirement is

similarity in embedding space = similarity in the graph.
SELAR

T

If two nodes are similar in the graph, then z z, should be large; if they are dissimilar, z, z, should be small.

A common similarity measure is the dot product:

1.5.2 Shallow Encoding [Tmportance: % % %]
The simplest encoder is an embedding lookup table. Let

- Z e RV é /Eg(
be the embedding matrix. Each column corresponds to one node:

Z[,ul = z,.

Therefore,
ENC(u) = Z[;,u] = 2,.
This method does not use node features or a deep neural encoder Each node is directly assigned a unique trainable

vector. Representative methods include

DeepWalk, node2vec.

It is called shallow because there is no multi-layer message passing and no feature-based generation of node embed-
dings, __-\/.\/\_N /—\_/\_/—\_—/_\/




1.6 Random-Walk Embeddings
1.6.1 Core Idea [Importance: xxxx]

The main idea of random-walk embeddings is:

if'a random walk starting from u frequently visits v, then u and v are similar.
o ———

Let
Pr(v|u)
denote the probability that a random walk@tarting from node u, visits node v. The embedding objective
is to make
z) 2y, ~ Pr(v|u).

- s
More precisely; a larger dot product should imply that v is more likely to appear in the random-walk neighborhood
of u. The slide intuition is

2, 2, = Pr(u and v co-occur on a random walk).

u
——

1.6.2 Random Walk Definition [Importance: »x k]

Given a graph and a starting node u, a_random walk repeatedly selects a W&rrem node and
moves to it. This produces a sequence

where ii_:ii}lgfwaﬂs_l.engtb_a.ud_.

T
1.6.3 Random-Walk Neighborhood [Importance: x|
For each node u, a random-walk strategy R defines a neighborhood

FERIEREBH vy,

—

(u=vg,v1,v2,...,9L),

V41 € N(’Ut).

Here, Ngr(u) is the multiset of nodes visited by random walks starting from w. It is a multiset rather than an

ordinary set because nodes Ay appear multiple times; repeated occurrence captures higher visitation frequency.
1.7 Optimization Objective for Random-Walk Embeddings ';’é\t?ﬁ .é— Z .

1.7.1 Maxzimum Likelihood Objective [Importance: % %% x]

Given

G=(V,E),

we learn
frumRE flu) = z,.

The embedding z, should predict the random-walk neighborhood Ng(u). The maximum likelihood objective is

arg max Z log P(Ngr(u) | z).
ueV

~ Here, Z is the matrix of all-nede-embeddimgs; u € V ranges over all nodes, 2, is the embedding of node u, Ngr(u) is
the random-walk neighborhood.of u, and P(Ng(u) | z,) is the probability of observing this neighborhood given z,.

A common conditional-independence assumption gives

P(Ng(u) | z,) = H Pv ] z,).

pEN)

Taking logarithms,

log P(Ng(u) [ z2) = Y logP(v| ).
vENR(u)

Therefore,

argmgxz Z log P(v | z,,)-

u€V vENR(u)

Equivalently, minimize the negative log-likelihood:

\jtrgmzinﬁ = Z Z —log P(v | #.).

u€EV vENR(u)




1.7.2 Softmaxz Parameterization [Importance: % xxx]
The conditional probability is parameterized by softmax: U \/
T - -
» P4
Plo] 2) = exp(2, 2 3  Mudl% fl] v
ZnEV eXp(zu Zn)

Here, P(v | z,) is the model-predicted probability that node v appears in the random-walk context of node U, 2, 2,
is the embedding similarity between u and v, exp(z, z,) converts the similarity into a positive score, and

Z exp(z, zn)

nev
is the normalization term over all nodes.
Softmax is used because the model is predicting which node, among all nodes, is likely to appear in the random-walk
neighborheed:—..
Z Plv|z)=1.
veV

1.7.8 Full Loss Function [Importance: x % * x|
Substituting the softmax into the negative log-likelihood gives

L:Z Z —log<z exp(2y 2v) >

-
expiz,, 2
uEV vENR(u) neV p( et n)

This is one of the central formulas of the lecture. For every center node u, and every context node v appearing in
its random-walk neighborhood, the model assigns|high probability to v. /If z;r z, is large, then

eplalz) GT

———

is large, so
Pv | 2,)

is large and the loss becomes small. If 2, z, is small, then the model assigns a low probability to a true context
node, increasing the loss. )

1.8 Softmax Bottleneck and Negative Sampling
1.8.1 Why Naive Softmaz Is Expensive [Importance: *xx ]

Z exp(z, zn).

nev

The bottleneck is the denominator

For every positive pair (u,v), the model must sum over all nodes n € V. When [V| is large, this is computationally

expensive. The nested summation leads to oximately
Loqv)

complexity. Hence, full softmax does not scale well to large graphs.

1.8.2 Core Idea of Negative Sampling [Importance: % x ]
Negative sampling avoids normalizing over all nodes. Instead, for each-positive pair (u,v), sample only k negative

e — i PR @A

L ~ Pv, 1=
The positive pair is Nr /b() ¢
o), ve Na(w, EFA B TE
—— e ——
meaning that v truly appeared in the random-walk context of u. The negative samples n; are drawn from a random
node distribution Py, often with probability proportional to node degree.
1.8.3 Sigmoid Function [Importance: x %]

Negative sampling uses the sigmoid function:

(@) -
o(z) = .
1+ exp(—2z)
Here, z € R, and
o(z) € (0,1)

If z is large, then

o(x) =1
If x is very negative, then

o(z) =0



1.8.4 Negative Sampling Objective [Importance: s %% % ]
The original softmax log-probability

T
log exp(z, zv_l)_
Y onev €Xp(2, 2n)

is approximated by

logo(z Zy) +Zlogo n; ~ Py.
peh A

log o (=] )

The positive term

encourages true co-occurring nodes (u,v) to have large dot product. If

T
2, 2y — 100,

g%-}\/fkﬁff‘i,

then
a(z;rzv) -1,
and
logo(z, z,) — 0.

The negative term
k
3 log (- )
i=1

encourages u and negative nodes n; to have small similarity. If

—

z] Zp, = —00, &
then

—szni — 00,
and

o(—z, zn,) = 1. mﬁé% 'A/{JC.E AT

Thus, the model pulls positive pairs together and pushes negative pairs apart.

1.8.5 Loss-Function View [Importance: x**xx/

For one positive pair (u,v), the minimization loss is

Lyp=— logaz 2y) Zloga -z, zn)

The total loss is

L= Z Z llogaz Zy) Zloga -z, zm)}

u€V v€Ng(u)

This is more scalable than full softmax becausemair requires only
\
L+k -k postive  patv

dot products instead of |V| dot products.
1.8.6 Choice of k [Importance: % * x|

There are two considerations. A larger k gives more robust estimates:

k 1= more robust estimates.

—

However, a larger k also places more emphasis on negative events:

k t= higher bias toward negative samples.

—

In practice,
k=5~ 20.



1.9 Methodological Evolution Summary

Method Input What Is Learned Strength Limitation
Label Propagation Graph structure + few Label probabilities of Simple and  intu- Slow or non-
labels unlabeled nodes itive; suitable guaranteed conver-
semi-supervised node gence; ignores node
classification attributes; task-
_ specific
Node Embedding Graph structure Node vector z, Taék—independent; Shallow embeddings

useful for classifica-
tion, link prediction,

cannot naturally gen-
eralize to new nodes;
does not directly use
node attributes

clustering, anomaly

detection
Random-Walk Embed- Graph structure + Embeddings preserv- Captures higher-order
ding random walks _ ing random-walk neighborhood informa-
—_—— co-occurrence tion; avoids consider-

ing all node pairs dur-

ing sampling

Full softmax is expen-
sive

Positive pairs + sam- Efficient
pled negative nodes tion of random-walk graphs
co-occurrence  objec-
tive

Negative Sampling

approxima- Scalable to large

Approximate  objec-
tive; depends on
negative sampling
distribution and k

1.10 Logical Evolution Tree
Graph-based learning

4

Node labels are correlated over edges

I
Label Propagation

I

Problem: -task-specific, slow convergence, no node attributes

4

Learn reusable node representations

4
Node Embedding: f(u) = z, € R?

4

Define graph similarity via random walks

I
Maximize P(Ng(u) | z,)

¢

Softmax objective

4

Problem: denominator sums over all nodes

Y
Negative Sampling

4

Efficient-approximation with k£ sampled negative nodes.



1.11 Exam-Focused Formula Summary

EuEN(U) AvuP(t—l) (Yu = C)
ZuEN(v) Avu '

[PO,) - PUD(Y,)| <

PO, =c) =

frumRY fuw) =z,

arg max Z log P(Ngr(u) | 2.).

ueV
argmzlnﬁ = Z Z ~log P(v | z,).
u€V veNR(u)
.
P 2) = Rl t)

ZnGV eXp(Z;an) '

exp(zy %)
oY Y (),
u€EV vENR(u) Z:nEV eXp(zu Zn)
1

ole) = 1+ exp(—z)

o (52280 oL+ st

&
nev &Xp(2)] 2n p

k
Loun=—loga(z] z,) — Z logo(—2) zn,).
i=1

1.12 One-Sentence Summary

Label Propagation propagates labels along graph edges; Node Embedding compresses graph structure into vectors;
Random Walk defines which nodes are structurally similar; Softmax turns similarity into probability; Negative
Sampling makes this objective computationally feasible on large graphs.



Week 11 Review Notes: From Graph Convolutions to Agent Skills

1 Overview: Two Evolutionary Lines

This week contains two independent but structurally similar technical lines.

First, graph representation learning: from naively feeding adjacency matrices into neural networks to defining
deep graph models through neighborhood aggregation. The core goal is to learn embeddings for nodes, subgraphs,
or entire graphs when graphs have no regular grid structure, arbitrary node orderings, and variable sizes.

Second, LLM agents: from language models that only generate text to structured tool use, MCP, skills, and sub-
agents. The core goal is to let a pure text model safely and scalably interact with the external world through a
host-executed protocol. '

Graph learning: fixed matrix input — shared neighborhood computation

LLM: pure text output — structured external action through tools

2 Part I: Deep Graph Encoders and GCNs

2.1 Core Problem: Why Not Directly Feed Graphs into a DNN? [Very Important]

A graph is represented as
G=(V,E),

where V is the vertex set and E is the edge set. Its adjacency matrix is
Ae {0, 1}|V|><|V|’
where A,, = 1 means that nodes u and v are connected, and A,, = 0 otherwise. The node feature matrix is
X e R™IVI

where the v-th column z, € R™ is the input feature vector of node v. If no meaningful node features exist, one may
use one-hot indicator vectors.

A naive approach is to concatenate the adjacency matrix A and feature matrix X, then feed the result into a standard
deep neural network. This fails for three fundamental reasons.

First, the number of parameters depends on the number of nodes N = |V|, so the model does not naturally generalize
across graphs of different sizes. Second, standard DNNs assume a lixed input dimension, whereas real-world graphs
such as social networks, biological networks, web graph;and knowledge grapns aretynamic and variable-sized.
Third, and most importantly, graphs do not have a canonical node ordering. If the same graph is relabeled by
permuting nade indices—its semantics should remain unchanged, but its adjacency matrix changes. A standard
DNN is not permutation invariant or permutation equivariant. o

Therefore, the goal of graph neural networks is not to flatten a graph into a fixed matrix, but to design a shared

local computation rule that respects graph structure.

2.2 From CNNs to Graph Convolutions [Very Important]

CNNs work on images because images lie on regular lattices. For a 3 x 3 filter, every pixel has a fixed local
neighborhood pattern. The essential operation of a convolutional layer is

transform neighbor information + combine it.

Graphs preserve the idea of local neighborhoods but destroy the assumptions of regular lattices: nodes have variable
degrees, neighbors have no natural order, and local subgraphs may have different structures. Therefore, graph
convolution attempts to generalize convolution from images to graphs.

The methodological evolution is

CNN on regular grids — graph convolution with canonical ordering
— message passing / neighborhood aggregation — learnable aggregation such as GraphSAGE and GAT.



Early graph convolution methods tried to impose a canonical ordering on each local subgraph and then apply CNN-
like filters. The bottleneck is that canonical node ordering is difficult to define for arbitrary graphs. GCN-style
models avoid this issue by using permutation-invariant aggregation Tuictions such as mean, sum, max, or attention.

2.3 GCN Core Idea: A Node’s Neighborhood Defines a Co fonn Grap ery Important]
e

The key idea is:
A node’s neighborhood defines its computation graph.

For a target node v, its representation is not computed independently. Instead, it is produced by recursively
propagating and aggregating information from its K-hop neighborhood. The layer-0 embedding is the raw input
feature:

0
hy = To,.

Here R0 is the hidden representation of node v at layer 0, and z,, is its input feature vector. After stacking K layers,

the final node embedding is

z, = h¥.

Thus, one GCN layer aggregates 1-hop information, two layers aggregate 2-hop information, and in general K layers
allow node v to receive information from its K-hop neighborhood. The depth K controls the graph receptive field.

2.4 Basic GCN / Deep Encoder Formula [Very Important]

The basic neighborhood aggregation formula is

hk 1
hE=o | W D +ByhE-t),  Vke{l,...,K},
uEN()IN(vN
with
hS = ., z, = h¥.

The symbols are defined as follows. Node v is the target node. Node u is one of its neighbors. N(v) denotes the
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